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(N ! Abstract 

Classical electron theory with classical electromagnetic zero-point radiation (stochastic elec- 
trodynamics) is the classical theory which most closely approximates quantum electrodynamics. 
Indeed, in inertial frames, there is a general connection between classical field theories with clas- 

\q ; 

\ sical zero-point radiation and quantum field theories. However, this connection does not extend 



a* 



to noninertial frames where the time parameter is not a geodesic coordinate. Quantum field the- 
ory applies the canonical quantization procedure (depending on the local time coordinate) to a 



5-H 

mirror-walled box, and, in general, each non-inertial coordinate frame has its own vacuum state. 
In particular, there is a distinction between the "Minkowski vacuum" for a box at rest in an inertial 

> 

\& ■ frame and a "Rindler vacuum" for an accelerating box which has fixed spatial coordinates in an 

m , 

(accelerating) Rindler frame. In complete contrast, the spectrum of random classical zero-point ra- 
t^J- ' diation is based upon symmetry principles of relativistic spacetime; in empty space, the correlation 

o ' 

£NJ ■ functions depend upon only the geodesic separations (and their coordinate derivatives) between the 

spacetime points. The behavior of classical zero-point radiation in a noninertial frame is found by 



^ \ tensor transformations and still depends only upon the geodesic separations, now expressed in the 

H ■ 

non-inertial coordinates. It makes no difference whether a box of classical zero-point radiation is 
gradually or suddenly set into uniform acceleration; the radiation in the interior retains the same 
correlation function except for small end-point (Casimir) corrections. Thus in classical theory 
where zero-point radiation is defined in terms of geodesic separations, there is nothing physically 
comparable to the quantum distinction between the Minkowski and Rindler vacuum states. It 
is also noted that relativistic classical systems with internal potential energy must be spatially 
extended and can not be point systems. Based upon the classical analysis, it is suggested that the 
claimed heating effects of acceleration through the vacuum may not exist in nature. 
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I. INTRODUCTION 



Classical electron theory with classical electromagnetic zero-point radiation (stochastic 
electrodynamics) is the classical theory which comes closest to quantum electrodynamics. l| 
However, there seems to be little interest in the physical interpretations provided by this 
classical theory. This lack of interest in the related classical theory holds even when quan- 
tum theory ventures into untested areas involving noninertial coordinate frames such as 
appear in connection with black holes and acceleration through the vacuum. In this article, 
we illustrate the contrasting classical and quantum interpretations surrounding vacuum be- 
havior in an inertial and in a noninertial (Rindler) frame. Although the ideas are believed 
to have much wider implications, the illustrations here focus on a massless relativistic scalar 
field in two spacetime dimensions in flat spacetime. 

There is a general connection between the classical and quantum field theories in an 
inertial frame. [2] However, this connection does not extend to noninertial frames where the 
time parameter is not a geodesic coordinate. Irrespective of the spacetime metric, quantum 
field theory regards one box as good as another when applying the canonical quantization 
procedure to a mirror-walled box. In general, each non-inertial coordinate frame has its 
own vacuum state. In particular, there is a distinction between the "Minkowski vacuum" 
for a box at rest in an inertial frame and a " Rindler vacuum" for an accelerating box which 
has fa ed spatia. coords in a, (aerating) Rind.er f ram e. It has been Cainaedfl 
that the radiation in a box in the Minkowski vacuum which is very gradually speeded up 
to become a box in uniform acceleration, will end up in the Rindler vacuum state; on the 
other hand, if the box in the Minkowski vacuum is suddenly accelerated, then the box 
will contain Rindler quanta. This quantum situation is completely different from that 
found in classical physics. In the first place, the spectrum of random classical zero-point 
radiation is based upon symmetry principles of relativistic spacetime; the spectrum is such 
as to give correlation functions which depend only upon the geodesic separations (and their 
coordinate derivatives) between the spacetime points. In an inertial frame, the zero-point 
radiation spectrum is Lorentz invariant, [4| scale invariant, and conformal invariant. [5] The 
behavior of zero-point radiation in a noninertial frame is found by tensor transformations to 
the non-inertial coordinates. In particular, we can calculate the spectrum of classical zero- 
point radiation in an accelerating box, and we find that, except for small endpoint (Casimir) 
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effects, the spectrum and correlation functions are the same as observed by a Rindler observer 
accelerating through zero-point radiation. It makes no difference whether or not the box 
of classical zero-point radiation is gradually or suddenly set into uniform acceleration; the 
radiation in the interior retains the same zero-point spectrum. In classical theory where 
zero-point radiation is defined in terms of geodesic separations, there is nothing physically 
comparable to the quantum distinction between the Minkowski and Rindler vacuum states. 

The work presented here involves only the free scalar field in a box with Dirichlet bound- 
ary conditions in one spatial dimension. Also, we will be interested only in the large-box 
approximation and will not treat the Casimir effects associated with a the discrete normal 
mode structure of the box. We start out in an inertial frame. We review the determination 
of the classical zero-point spectrum in the box and also the canonical quantization procedure 
for the corresponding quantum scalar field in the same box. Then we turn to the situation 
of thermal equilibrium in the box and note the contrasting classical and quantum points 
of view for thermal radiation. All of this work confirms the general connection between 

classical and quantum free fields in an inertial frame in two spacetime dimensions. This 

I 1 

connection was treated earlier in four spacetime dimensions for electromagnetic fields [2] and 
for scalar fields. 6| Next we turn to the situation for a coordinate frame undergoing uniform 
proper acceleration through Minkowski spacetime (a Rindler frame). Quantum field the- 
ory introduces a canonical quantization in a box at rest in a Rindler frame which parallels 
that in an inertial frame, without making any adjustment because of the nongeodesic time 
coordinate involved in the quantization. In complete contrast, classical theory takes the 
correlation function for zero-point radiation as dependent only upon the geodesic separa- 
tions of the field points, with tensor coordinate transformations between various coordinate 
frames. In the limit of a large Rindler-frame box, the classical radiation inside the box 
is shown to agree exactly with the empty-space zero-point radiation of an inertial frame. 
However, in the limit of a large Rindler-frame box, the quantum vacuum remains distinct 
from the quantum empty-space inertial vacuum. It is also emphasized that relativistic 
classical systems with internal potential energy must be spatially extended and can not be 
point systems. In contrast, systems used within quantum theory are often described as 
small (point) systems. {^J Based upon the classical analysis, it is suggested that the claimed 
"heating effects of acceleration through the vacuum" may not exist in nature. 
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II. THE VACUUM STATE IN AN INERTIAL FRAME 



A. Scalar Field in Two Spacetime Dimensions 



We will consider a relativistic massless scalar field (f) which is a function of (ct, x) in an 
inertial frame with spacetime metric ds 2 = g^dx^dx", where the indices fi and v run over 



and 1, x° = ct, x 1 = x, and 



ds 2 = c 2 dt 2 — dx z 



(1) 



The behavior of the field follows from the Lagrangian density C = (1/8tv) d^ipd^cf) corre- 



sponding to 



C 
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7 2 V dt 



2 'd£ 1 
dx 



The wave equation d^dC/did^)] = for the field is 

1 fd 2 (b\ fd 2 



dt 2 



dx 2 



0. 



(2) 



(3) 



The associated stress-energy-momentum tensor density T^ v = [dC/d(d^(p)}d u (f) — g^ u C gives 
the energy density u as 



u = r°° = r 11 = — 

87T 



c 2 [ dt J + [dx 



and the momentum density as 



joi _ j-ia 



An c dt dx 

The energy U in the field in a one-dimensional box extending from x = a to x = b is 

»6 i 



U = dx 



57T 



c 2 V dt 



dx 



(4) 



(5) 



(6) 



B. Radiation Spectrum in a Box 



Both classical and quantum field theories start with the normal mode structure of the 
radiation field in a box. We consider standing wave solutions which vanish at the walls 
x = a and x = b of the box (Dirichlet boundary conditions) so that a normalized normal 
mode can be written as 
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where f n is the amplitude of the normal mode. The radiation field in the box can be written 
as a sum over all the normal modes 
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where 9 n is an appropriate phase. From Eq. (j3J) we find that each mode 4> n (ct,x) has the 
time-average spatial energy density 
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which is uniform in space. The total mode energy U n found by integrating over the length 
of the box is given by 



in 



nir 
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(10) 



where the wave amplitude /„ must be determined by some additional physical considerations. 



C. Canonical Quantization of the Quantum Scalar Field 

Classical and quantum theories take different points of view regarding the vacuum ra- 
diation field. Quantum field theory follows the canonical quantization procedure which 
rewrites the cosine time dependence in terms of complex exponentials (the positive and neg- 
ative frequency aspects) and introduces annnihilation and creation operators a n ,a^ for each 
normal mode n so that the field becomes an operator field 4>(ct, x) with a vacuum energy 



U n = {l/2)tiu = (l/2)hcnn/(b - a) 



(11) 



per normal mode. Thus from Eqs. p}, ( flOl) . and (11111 the quantum field is 
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ct 



(12) 



Here the operator a n annihilates the vacuum, a n \0 >= 0, and the operator commutation 
relations are [a n ,a n } = [a+,a+] = 0, [a n ,a+] = 1. 

In the quantum vacuum state |0 > in the inertial frame, the two-point vacuum expectation 
value which is symmetrized in operator order is easily calculated and takes the form 



< 0\-{(p(ct,x)4)(ct',x') + 4>(ct',x')0(ct,x)}\O > 
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(13) 



D. Zero- Point Radiation for the Classical Scalar Field 



The vacuum state for the classical scalar field involves random classical zero-point radia- 
tion which is featureless, so that its correlation functions depend only on the geodesic sepa- 
rations (and coordinate derivatives) between the field points. In an inertial frame, the zero- 

.ft ft 

point radiation is Lorentz invariant, |4J scale invariant, and indeed conformal invariant. [5j 
Random classical radiation can be written in the form given by Eq. (JSJ) with the phases 9 n 
randomly distributed in the interval [0, 2tt) and independently distributed for each n. In an 
inertial frame, the invariance properties of the spectrum can be shown to lead to a spectral 
form corresponding to an energy per normal mode which is a multiple of the frequency 
with an undetermined multiplicative constant, U n = const x u; n .[5] In order to give a close 
connection between the classical and quantum theories, we choose the energy per normal 
mode to agree with that used in the quantum theory as given in Eq. ( fill) . In order to make 
the classical and quantum field expressions look as similar as possible, we rewrite Eq. (jSJ) 
in the form parallel to Eq. ( fT2l) . (note the change from 8n over to An), 
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It is convenient to characterize random classical radiation by the two-point cor- 
relation function {4>(ct, x)<f)(ct', x')) obtained by averaging over the random phases as 
(cos 9 n sin 9 n >) = 0, (cos0 n cos0 n ') = (sin0 n sin0 n /) = (l/2)5„ )n /, or as (exp[0 n ] exp[0„/]) = 
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(exp[— 9 n ] exp[— 9 n >}) = 0, (exp[9 n ]exp[—9 n '}) = b^n 1 From these relations, we can easily 
show, for example, that (cos(A + 9 n ) cos(B + 9 n >)) = cos(A — B){l/2)8 nn >. The two-point 
correlation function for a general distribution of random classical scalar waves is found by 
averaging over the random phases 9 n 
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We notice that the classical correlation function ( lisp and vacuum expectation value of 
(symmetrized) quantum operators (|T3|) agree exactly. Indeed it has been shown that in 
an inertial frame, there is a general connection)^ between the correlation functions of the 
classical zero-point radiation field and the vacuum expectation values of the corresponding 
symmetrized operator products for all the correlation functions including the correlation 
functions of arbitrarily high order. 

If we take the limit b — > 00, corresponding to the presence of a reflecting mirror at the 
left-hand end x = a of the box but infinite extent on the right, then we obtain the correlation 
function as an integral where the wave numbers k n = nir/(b — a) become continuous, 

k=oo 

/dk 
— sin [k(x - a)] sm[k(x' - a)] cos [kc(t - t')} . 

(16) 

This integral is convergent. It can be rewritten as a sum of terms of the form J (dk/k) cos(ka) 
and evaluated as an indefinite integral. Thus we find 
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(x + x'~ 2a) 2 - c 2 (t - t') 2 
The correlation function for empty space can be found by moving the mirror at the left- 
hand edge x = a of the box out to spatial infinity, a — > —00. However, this procedure 
introduces a divergence going as foe In | (2a) 2 \ . One way to eliminate this divergence is to 



take the spatial derivatives of the correlation function. Indeed, we can go back to the 
integral of Eq. ffl6|) and use the identity 2 sin A sin B = cos(v4 — B) — cos(A + B) to rewrite 
the correlation function as 

fc=oo 

/dk 
— cos [k(x - x')] cos [kc(t - if)] 

k=0 

k=oo 



/dk 
— cos [k(x + x' - 2a)} cos [kc(t - t')} (18) 



fc=0 

Both integrals in Eq. (fl8l) are divergent at k — > 0. In the limit a — > — oo, corresponding to 
moving the left-hand reflecting mirror at x = a out to spatial minus infinity, we can drop 
the second line in Eq. ( fl9l) as a very rapidly oscillating cosine function. Thus for a box 
extending infinitely far in both directions, we find the free-space correlation function 

fc=oo 
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— cos [k(x — x')] cos [kc(t — t')) 
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where in the second line and third lines we have used the identity 2 cos A cos B = cos(v4 + 
B) + cos(A — B) and in the last line have incorporated both the sum and difference cosine 
terms by extending the integral over negative values of k. 

The integrals in Eqs. ( !T8|) and (Fl9|) are divergent as k — > 0. This divergence can be 
removed by considering the coordinate derivatives of the correlation functions. Thus in 
free space, we consider {(j) ( y ct,x)d ct '(f) Q (ct',x')) and ((p (ct,x)d x '(j) (ct',x')) . The resulting 
expressions are convergent as k — > but now divergent as k — > oo. However, the divergence 
at large values of k involves oscillating sine functions. Thus we may introduce a convergence 
factor such as exp[— Ak] into the integrand, carry out the integrals in terms of exponentials, 
and then take the no-cutoff limit A — > to obtain the singular Fourier sine transforms of 
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the form 1 91 



dkk 2m sin(bk)= ( (20) 



In this fashion we obtain the closed-form expression 
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both of which agree with the limit a — > — oo in Eq. (|T7|) . We note that in empty space 
there is no length or time parameter which is singled out by the zero-point radiation in an 
inertial frame. The zero-point correlation functions depend upon the geodesic separation 
c 2 (t — t') 2 — (x — x') 2 between the field points (ct, x) and (cf, x'). 

For later comparisons, it is useful to have the closed-form expressions for the zero-point 
correlation functions in empty space as a function of time at a single spatial coordinate 
x = x' and as a function of space at a single time t = t'. Thus we have for the non- 
vanishing correlations from Eqs. ( !2T1) and ( J22l) 

(0 o (ct, x)d ctl (j) (ct', x')) x , =x = 2hc ^ t - — (23) 

and 

((f> (ct,x)d x/ 4> (ct',x')) t=t , = 2hc - (24) 
The spatial derivatives of the correlation function for a mirror at x = a at the left-hand end 
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of the spatial region can be written explicitly as 
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E. Thermal Scalar Radiation 

Within classical theory with classical zero-point radiation, zero-point radiation represents 
real radiation which is always present, and thermal radiation is additional random radiation 
above the zero-point value. Thus if U(u,T) is the energy per normal mode at frequency 
u and temperature T, the thermal energy contribution Ut{u),T) is found by subtracting 
off the zero-point energy, Ut{uj,T) = U(u,T) — U(u,0). The additional thermal energy 
is distributed across the low-frequency modes of the radiation field. The (finite) total 
thermal energy Ut{T) in a box is found by summing the thermal energy per normal mode 
Ut{uj, T) over all the normal modes at temperature T in a box of finite size. The spatial 
density of thermal energy is given by u(T) = Wr(T)/(6 — a) = as s T 2 where a$ s is the 
constant for one-spatial-dimension scalar radiation corresponding to Stefan's constant for 
electromagnetic radiation. Q| Classical thermal radiation is described in exactly the same 
random-phase fashion as the zero-point radiation except that the spectrum is changed. The 
thermal radiation spectrum for massless scalar radiation can be derived from classical theory 
involving zero-point radiation and the structure of spacetime. One finds for the 

energy per normal mode at frequency u and temperature T 

U(u,T) = (l/2)hwcoth[huj/(2k B T)] (27) 

The calculation for the classical two-point field correlation function at finite temperature 
accordingly takes exactly the same form as given above in Eqs. (|15|) . except that the 
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spectrum is changed so that now 
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The quantum point of view regarding thermal radiation is strikingly different from the 
classical viewpoint. The vacuum of the quantum scalar field is said to involve fluctuations but 
no quanta, no elementary excitations, no scalar photons, whereas the thermal radiation field 
involves a distinct pattern of scalar photons. If the index m is used to label the normal modes 
in a one-dimensional box, the quantum expectation values correspond to an incoherent 
sum over the expectation values for the fields for all numbers n m of photons of frequency 
u m = m-Rcjih — a) with a weighting given by the Boltzmann factor exp[— n m f\w m / {ksT)]. 
Thus the quantum two-point field correlation function for our example involving a box in 
one spatial dimension is given byP 
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and have defined 
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Thus for symmetrized products of quantum fields, the quantum expectation value in Eq. 
( |29l) is in exact agreement with the corresponding classical average value found in Eq. (1281) . 
Again the agreement holds for higher order correlation functions provided the quantum 
operator order is completely symmetrized. [l\ 
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The agreement between the classical and quantum correlation functions remains in the 
limits of a large box b — > oo analogous to the transition from Eq. ffl~5]) over to Eq. f|T6|) and 
in the removal of the left-hand mirror to negative spatial infinity as in the transition from 
Eq. (pED over to Eq. 

It should be emphasized that although there is complete agreement between the correla- 
tion functions arising in classical theory and the symmetrized expectation values in quantum 
theory, the interpretations in terms of fluctuations arising from classical wave interference 
or in terms of fluctuations arising from the presence of photons are completely different 



between the theories. 



12J The contrast in interpretations and indeed in predictions becomes 



even more striking when an accelerating coordinate frame is involved. 

III. RADIATION IN A RINDLER FRAME 
A. Rindler Coordinate Frame 

Although there is close agreement between classical and quantum field theories in an 
inertial frame, the two theories part company in noninertial frames. The noninertial frame 
which we will consider in this article is a Rindler coordinate frame accelerating through 
Minkowski 8 pa C eti,„e in two spacers di.nens.ons. Q Q If the coordinates of aspacetnne 
point in an inertial frame are given by (ct,x), then the coordinates of the spacetime 

point in the Rindler frame which is at rest with respect to the inertial frame at time t = = rj 
are given by 

ct = £ sinh 77 (32) 

x = £ cosh 77 (33) 

with —00 < r] < 00, and < £. Using the relation cosh 2 r] — sinh 2 r/ = 1, it follows that 
a point with fixed spatial coordinate £ in the Rindler frame has coordinates x^(t) in the 
inertial frame given by 

x^t) = £cosh?? = (£ 2 + £ 2 sinhr/) 1/2 = (£ 2 + c 2 t 2 ) 1/2 (34) 

and so moves with acceleration ag = d 2 x/dt 2 = c 2 /£ at time t = 0, and indeed in the Rindler 
frame has constant proper acceleration 

a* = o 2 H (35) 
12 



at all times. Thus for large coordinates £, the acceleration becomes small whereas for 
small £, the proper acceleration diverges. The point £ = is termed the "event horizon" for 
the Rindler coordinate frame. 

The metric in the Rindler frame can be obtained from Eqs. ( 13 2 p and ( 13"3"]) as 

ds 2 = dt 2 - dx 2 = i 2 dri 2 - d£ 2 (36) 

It is clear from this expression that the time coordinate r\ in the Rindler frame is not a 
geodesic coordinate. Indeed, the geodesic separation between two spacetime points which 
takes the form c 2 (t — t') 2 — (x — x') 2 in the geodesic coordinates of the inertial frame becomes 
in Rindler coordinates 

c 2 {t — t') 2 — (x — x 1 ) 2 = (£ sinh i] — £' sinh rj') 2 — (£ cosh rj — £' cosh rf) 2 

= 2^' cosh(r/ - rf) - £ 2 - £' 2 (37) 

B. Normal Modes in a Box in a Rindler Frame 

We now consider the spectrum of random radiation as observed in the Rindler frame. 
First we obtain the radiation normal modes. The wave equation (E} in an inertial frame can 
be transformed to the wave equation in the Rindler frame by using the transformations ( 132]) 
and (133]) together with the scalar behavior of the field <fi under a coordinate transformation. 
The scalar field takes the same value in any coordinate frame. Thus the field (p(j],£) in the 
Rindler frame is equal to the field 4>(ct, x) in the inertial frame at the same spacetime point, 

^(^j = 0( c ^) x ) — 0(£ sinhr], £ cosh ??). (38) 
If we use the usual rules for partial derivatives, we find that Eq. becomes in the Rindler 

fl*cXH10 

@W (!)-?(&)- 

The solutions of Eq. ( 1391) take the form if(ln£ ± rj) where H is an arbitrary function. 
Thus, whereas the general solution of the scalar wave equation ([3]) in an inertial frame is 
<j)(ct,x) = h + (x — ct) + h^(x + ct) where h + and h_ are arbitrary functions, the general 
solution in a Rindler frame is £) = i?+(ln£ — 77) + i/_(ln£ + 77) where H + and H_ are 
arbitrary functions. The normal mode solutions of the wave equation in the Rindler frame 
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for a box extending from 0<£ = ato£ = 6 with Dirichlet boundary conditions can be 
obtained by separation of variables and expressed as a time-Fourier series 
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where J-" n is the amplitude of the normal mode and the spatial functions 
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arise from a Sturm-Liouville system [l5j and form a complete orthonormal set with weight 
l/£ on the interval a < £ < b . Thus we find 
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(42) 



where we have used the substitution t> = [7rm(£/a)]/ln(6/a) in evaluating the integral. For 
a radiation normal mode, the Rindler time parameter 77 agrees with all local clocks when 
adjusted by £, and thus the time r = £77 gives the proper time of a clock located at fixed 
Rindler spatial coordinate £. 

For time-stationary random radiation in the Rindler frame with an unknown time-spectral 
amplitude T ny the field <p(r},£) can be written as a sum over the normal modes ^(77, £) in 
Eq. ( 1401 with random phases 9 n distributed randomly over the interval [0, 2ti) and distributed 
independently for each value of n 
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Then the two-field correlation function is obtained in analogy with Eqs. (TT4])— (TT5 

(<Pbox('Q,€) ( Pbox( r f>?)) 



(43) 
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(44) 



ln(6/a) ya / 

For a large box 6 — >■ 00, The normal mode frequencies n n = mr/ ln(6/a) become continuous 
and the sum in Eq. (144|) becomes the integral for the correlation function for a mirror at 
the left-hand edge £ = a of the box 
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The expression f|45l) can be rewritten in the form 



^Pmirror 

oo 

— / (IkJ-' 2 (k) cos [fi;(hi£ — ln£')l cos [k(t] — r)')] 



K=0 

OO 



— / (IkT 2 (k) cos[k(\h£ + lng -2\na)]cos[K(r)-r)')] (46) 
In J 



2tt 

K=0 



In the limit a — > in which the mirror at £ = a is moved to the event horizon, the last 
integral in Eq. (T461) involves a rapidly oscillating cosine function; it can be taken to vanish 
when considering the time derivative at £ = Thus we find the free-space expression 



(<P(V, O^tM 7 /. ^)){=c' = 4^ y d^ 2 {^)^ sin - 77')] (47) 

— CO 

where the spectral amplitude .F(k) of the random radiation is still unspecified. 



C. Classical Zero- Point Radiation in the Rindler- Frame Box 

It was noted earlier that the spectrum of classical zero-point radiation follows from the 
assumed symmetry properties of the vacuum. Thus the spectrum of random classical 
radiation in empty space is assumed to be featureless; the two-point correlation function 
can depend upon only the geodesic separation (and its coordinate derivatives) between 
the spacetime points. This dependence upon the geodesic separation has been exhibited 
in earlier articles for the relativistic scalar and electromagnetic fields in four spacetime 

nfi 

dimensions. [5] [6] For the example of two spacetime dimensions used in the present article, the 
derivative correlation functions (j2ip and (122]) involve the partial derivatives of the logarithm 
of the spacetime separation \c 2 (t — t') 2 — (x — x') 2 \ between the spacetime points (ct, x) and 
(ct',x'). 

In classical theory, the zero-point radiation is physically present. There is no notion of 
"virtual" photons which may come into and then out of existence. Thus in empty space, 
the spectrum of radiation which is found in the Rindler frame follows directly by tensor 
transformation from the radiation found in the inertial frame. We find for a scalar field 
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that the correlation function is the same in the inertial frame and the Rindler frame for the 
same spacetime points 



M^M^O) = (0(ct,x)0(ct,x)) = sinhr/,£ cosh rj) (/)(£' sinh rj', g cosh rj')) (48) 

However, it is clear from this equation ( I48p that the functional dependence of the correla- 
tion function upon £, 77, rf will in general be quite different from the dependence upon 
x, x', t, t' since from Eq. ( 1371) . the geodesic separation takes the form c 2 (t — t') 2 — (x — x') 2 = 
2££ / cosh(r/ — rf) — £ 2 — £ /2 , and the Rindler frame time parameter 77 is not a geodesic co- 
ordinate. In empty space, the closed form expressions for the spatial derivatives of the 
correlation function in the Rindler frame follow from Eqs. (j2ip . fl22|) . fl371) and f|48|) as 



(<Po{v,£)d?<Pa(rf,?)) = {-ftcln ^ft'coshfo - rf) - £ 2 - ^\) 



(49) 
(50) 



The time-spectrum found in the Rindler frame may be obtained by taking the singular 
Fourier sine transform of the time correlation at a single spatial coordinate £ = Thus 
from Eq. (|47l) and (|49p . we find for the spectral function corresponding to classical zero-point 
radiation jl6j] 
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In a Rindler frame box of finite length, this spectral function ( 151]) is restricted to the allowed 
normal modes K n = mr / ln(b / a) , so that 
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(52) 
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and the two-point correlation function in the box is given by 



( ( P0box(V,0 ( P0box(V , ,O) 
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(53) 



In the limit as b — > oo, corresponding to the right-hand edge of the box going to positive 
spatial infinity, the normal mode frequencies K n = wr/ln(6/a) become continuous, and the 
correlation function f )53|) becomes that for a mirror at the left-hand edge £ = a of the box, 
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This is a convergent integral which can be evaluated as 16] 



vPomirrorV) i O^OroirrorW ' £ )) 

sinh[{ln(£/a) - ln(£'/a) + (77 - rf)}/2] sinh[{ln(£/a) - ln(£'/a) - (77 - r/')}/2] 



— foe In 
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sinh[{ln(£/a) + ln(£'/a) + (77 - r/)}/2] sinh[{ln(£/a) + ln(f'/a) - (77 - r)')}/2] 
sinh[{ln(£/0 + fa - ?/)}/ 2 ] Binh[{ln(^/0 - (77 - i/)}/2] 



(55) 



sinh[{ln(^7a 2 ) + (77 - r/)}/2] smh[{m(^'/a 2 ) - (7/ - tj')}/2] 

In the limit where the mirror at £ = a is moved to the event horizon, a — > 0, the 
correlation function in Eq. (|55|) diverges as foe In |££'/( a ) 2 | = foe In |££ | — foe In |(a) 2 | , which 
appears similar to the divergence in Eq. f lT7|) . except that in previous case a — > — 00 whereas 
here a — > 0. Just as was done earlier, the divergence can be eliminated by taking coordinate 
derivatives. In this limit, the correlation function f l5"5"j) should correspond to that for empty 
space since as the mirror goes to the event horizon of the Rindler frame, the phases of 
waves change very rapidly with distance, and we expect that the phases of the incident and 
reflected waves should become uncoupled. In the limit a — >■ 0, the correlation function for 
the mirror ( J55l) becomes (with divergence-eliminating coordinate derivatives) 

= {-foe In |4££'smh[{ln(£/£') + (77 - rf)}/2] smh[{m(£/£') - (77 - rf)}/2]\} (56) 



This expression indeed agrees with the correlation functions for empty space given in (J49 
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and (!50|) since 



-4ft'sinh[{ln(e/e') + (V~ v')}/2] sinh [{In (£/£') - fa - r/)}/2] 
2^'cosh(r / -r ? / )-e 2 -e' 2 



(57) 



Thus a box with classical zero-point radiation takes on the empty-space zero-point correla- 
tion function when the box is expanded to cover the entire Rindler spacetime region (the 
Rindler wedge). The presence of any reflecting walls on the Rindler box becomes ever less 
important as the walls recede to the limits of the Rindler region. 

If we consider the zero-point correlation function in free space as a function of space for 
a single time i] = rj' or as a function of time for a single coordinate £ = £' in the Rindler 
frame, then we find the non-vanishing two-point correlations in free space from Eqs. 
and §DD, 

2 sinh[(r7 - rf) /2] cosh[(r/ - rf) /2] 
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(58) 
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(60) 



D. Canonical Quantization in a Rindler-Frame Box 

Quantum theory regards canonical quantization as a fundamental procedure which can 
be followed in any box, no matter whether the box is at rest in an inertial frame or is at rest 
in a noninertial coordinate frame. Thus for a box in a Rindler frame, the quantum field 
can be expressed in a form parallel to Eq. (fT2")) as 
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(61) 



where b n and b n are the annihilation and creation operators for particles in the Rindler- 
frame box. Notice that the amplitude appearing in the sum is the same factor involving 
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the square root of 8irhc times the wave number, just as in Eq. ( TT2|) in the inertial frame 
in empty space. In contrast, the classical theory involves the amplitude factor J-o(^) given 
in Eq. (1511) in order to compensate for the fact that the time coordinate for the normal 
modes is not a geodesic coordinate. In quantum theory, there is a Rindler-frame vacuum 
state 1 0^ > which is annihilated by the Rindler operator b n . The two-point Rindler- vacuum 
expectation value for the symmetrized product of the field operators gives the result parallel 
to Eq. (USD as 
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(62) 



In the limit as b — > oo, this expression becomes the Rindler-vacuum expectation value for 
the situation of continuous normal mode frequencies K n = nir/ \n(b/a) and a mirror at £ = a, 
analogous to Eqs. ( JIB]) , and (fT7|) . 
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(63) 



{ln(£/a) + ln(r/a)} 2 -c 2 (t-t') 2 
In the limit a — >■ that the mirror is moved to the event horizon, the expectation value for 
the quantum fields in the Rindler vacuum becomes divergent as 2/icln[2 ln(a)]. Again the 
divergence can be eliminated by taking coordinate derivatives 
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Thus we obtain 
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and 



(lng-lnQ 
- 7/) 2 - (lnf - lnf' 



2^ , XT T-T (66) 



If we consider the spatial dependence at a single time and the time dependence at a single 
spatial point, we find for the symmetrized expectation value for the Rindler vacuum that 
the non-vanishing values from Eqs. (I65p and (16 6 j) are 

and 

< fl |i{^, + d^( V ',C'Mv,0}\OR > v =n'= 2fic n^T]^j ( 68 ) 

The Rindler vacuum expectation value in (I67|) with its dependence upon the inverse time 
separation is analogous to the free-space inertial frame vacuum expectation value (1231) in 
an inertial frame. However, the Rindler vacuum expectation value ( )68|) with its logarithmic 
dependence on £ and £' has no analogue in an inertial frame. The "Rindler vacuum" is 
different from the "Minkowski vacuum" under canonical quantization. 



E. Contrasting Classical-Quantum Viewpoints in a Rindler Frame 

Although the classical zero-point correlation functions and the quantum symmetrized 
vacuum expectation values agree in inertial frames, they are no longer in agreement in non- 
inertial frames. The vacuum states arise from very different concepts in the classical and the 
quantum theories. The essential feature of classical zero-point radiation is that the spectrum 
of random radiation is featureless. Therefore in empty space, classical zero-point radiation 
depends only upon the geodesic separation of the field points. The spectrum obtained from 
the continuous frequencies of empty space is then restricted to the allowed normal mode 
frequencies in a box of finite size. In the limit where the sides of the box are moved to the 
limits of the spacetime, the spectrum in the box becomes that of empty space. Thus a box 
with walls at rest in an inertial frame and a box at rest with respect to the coordinates of a 
Rindler frame have very different normal modes, and the spectral amplitudes are readjusted 
to reflect the change from a geodesic to non-geodesic time coordinate. In terms of a geodesic 
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time coordinate such as appears in an inertial frame, the spectrum of zero-point radiation 
is given by /q(/c) = Anhc/\k\ where the constant is chosen to give an energy (l/2)hc\k\ per 
normal mode. In terms of the non-geodesic time coordinate i] appearing in a Rindler frame, 
the spectrum of zero-point radiation is given by J~q(k) = (Ait he /k) coth(7TK) . If the walls of 
the box are moved to the limits of the Rindler wedge, the random radiation in the Rindler 
space is exactly that of the inertial space. The classical vacuum is unique. 

In complete contrast, the vacuum of quantum field theory arises from a prescriptive 
process which takes no account of the spacetime metric. In any box, the amplitude for 
the normal modes is fixed, and annihilation and creation operators are introduced for the 
positive and negative time aspects. Thus a box with walls at rest in an inertial frame 
and a box at rest with respect to the coordinates of a Rindler frame have very different 
normal modes but the same spectral amplitude, and accordingly have very different vacuum 
states. If the walls of the Rindler box are moved out to the limits of the Rindler spacetime 
wedge, the quantum fluctuations associated with the Rindler vacuum state remain quite 
different from the quantum fluctuations associated with the inertial vacuum state. The 
"Rindler vacuum" is different from the "Minkowski vacuum" even for a large box. There 
is a non-uniqueness for the quantum vacuum in non-inertial frames. 

Of course, one can apply tensor transformations to the vacuum expectation values of 
the symmetrized quantum operators which were found in an inertial frame. Since the 
symmetrized quantum expectation values agree exactly with the corresponding classical 
correlation functions in an inertial frame, we obtain exactly the same expressions ( 1531) - 
( I60p as found for the classical correlation functions in the Rindler frame. The spatial 
dependence on the geodesic coordinate £ found in Eq. (|59|) for the correlation function 
at a single time r] — rj' agrees exactly with that found in the corresponding expression 
021]) in an inertial frame (for x = £, x' — £'), as we indeed expect since a fixed time 
7] = v( corresponds to a single time t = t' in the momentarily comoving inertial reference 
frame, and all inertial frames have the same correlation functions for zero-point radiation. 
The absence of any spatial correlation length in Eq. ( )59|) corresponds to zero-temperature 
T = 0. However, the time dependence in Eq. fl58|) for the correlation function at a single 
spatial coordinate £ = £' is quite different from the time dependence (|23|) found in an 
inertial frame. Indeed, The appearance of the hyperbolic cotangent function for the time- 
Fourier spectrum in Eq. ( 15 ip has led some physicists to speak of the "thermal effects 
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of acceleration through the vacuum" 

QQQQQ with temperature T = ha/(2iTck B ). 



After all, the hyperbolic cotangent function appeared in Eq. ( 12 7 jl for the spectrum of thermal 
radiation in an inertial frame. Thus the spectra in the Rindler frame can be used to suggest 
either finite temperature T = ha/(27rckB) or zero-temperature T = depending upon one's 
point of view. This ambiguity arises precisely because the Rindler frame is not an inertial 
frame and the Rindler time parameter rj is not a geodesic coordinate. Indeed one may 
inquire as to just what spectrum corresponds to thermal radiation in a noninertial frame. 
Within classical physics, this question has been discussed in connection with time-dilating 
conformal transformations which allow us to derive the Planck spectrum from the structure 
of relativistic spacetime. [9j] [101] [11] 

Despite the classical-quantum agreement of the tensor-transformed inertial expectation 
values, the quantum viewpoint is more complicated since quantum theory introduces a 
new vacuum state associated with canonical quantization in the Rindler frame. Canonical 
quantization within a box in a Rindler frame leads to field fluctuations which are quite 
different from those found from quantization in an inertial frame. Thus the time dependence 
of the symmetrized Rindler vacuum expectation value at a single spatial coordinate in ( 1671) 
(with its inverse time dependence) is indeed analogous to the inverse time dependence found 
in (|23|) for the inertial frame. However, the logarithmic spatial dependence of the Rindler 
vacuum expectation value at a single time in fl68l) is quite different from that given in ff2^|) 
for the inertial frame. Thus the quantum vacuum in a Rindler frame has quite different 
properties from the quantum vacuum in an inertial frame. Indeed, over 30 years ago, Fulling 
called attention to this " Nonuniqueness of Canonical Quantization in Riemannian Space- 
Time." [13] 



And what is the physical meaning of the "Rindler vacuum state" which is different from 



the familiar "Minkowski vacuum state"? According to some quantum field theorists, 3] the 
vacuum is established by the walls of the box which confine the radiation. If the walls 
of the box are established at temperature T = in the inertial frame vacuum and then 
the box has its acceleration slowly increased to the final acceleration, its interior will be in 
the Rindler vacuum. On the other hand, if the box at temperature T = in the inertial 
frame is suddenly accelerated, the box will contain Rindler excitations corresponding to the 
Fulling-Davies-Unruh temperature T = ha/(2-KckB) as measured in the Rindler frame where 
the Rindler vacuum is the lowest energy state. [3j 
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The classical theory with zero-point radiation lends no support to this quantum inter- 
pretation. The classical vacuum state involving classical zero-point radiation is unique; 
its description between any two coordinate frames is found by tensor transformations. In 
particular, classical physics has nothing like the scenario described above for a box of zero- 
point radiation which is moved from an inertial to a Rindler frame. According to classical 
theory, (except for small Casimir effects) it matters not how the box of (featureless) classical 
zero-point radiation is moved from the inertial frame into the accelerating Rindler frame; 
the box of radiation will always correspond to zero-point radiation as described by tensor 
transformation from an inertial frame. This statement seems to come as a surprise to many 
physicists who are misled by their experience with spectra involving finite total energy. The 
invariant result for a box of zero-point radiation follows from the very special character of 
the zero-point spectrum which has no structure other than that which is given to it by the 
coordinates associated with the metric of the spacetime. 

In an inertial frame in empty space, the zero-point radiation spectrum is Lorentz invariant 
and scale invariant; it depends only upon the separation (and coordinate derivatives) between 
the two spacetime points measured along a geodesic between the points, js ] [g ] Perhaps the 
reader can obtain a better sense of the special character of zero-point radiation from the 
following considerations. We saw in Eqs. (l2Tj) and (|22|) that the spectrum of random classical 
zero-point radiation for the scalar field in an inertial frame depends upon the logarithm of 
the invariant separation between the two spacetime points. Since we are dealing with a scalar 
field, the correlation function takes the same value in the Rindler frame. If we transform the 
Minkowski coordinates to Rindler coordinates, as given in Eqs. (H9l) and (1501) . we find that 
the correlation function is time stationary; it depends upon only the time difference (77 — rj') 
and not on any initial time. There is no spectrum of finite energy density which has such 
behavior; time-translation invariance both in all inertial frames and in all Rindler frames is 
a property unique to the zero-point radiation spectrum. 

The solutions for the wave equations ((3]) and (1391) are unique for boundary conditions 
which specify both the function and its first time derivative at a single time coordinate. We 

can imagine a box of zero-point radiation which is at rest in an inertial frame and then is 
suddenly accelerated so as to remain at the fixed coordinates of a Rindler frame. If we have 
a box at rest with respect to the coordinates of a Rindler frame, it will be instantaneously 
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at rest with respect to some inertial frame. Within the classical theory, the zero-point 
radiation within the box differs from the zero-point radiation in the inertial frame by simply 
the fact that the box modes are restricted to the normal modes of the box rather than being 
the continuous modes of empty space. As was proved in our analysis above, the zero-point 
radiation in a Rindler box whose walls are moved to the limits of the Rindler wedge is in 
complete agreement with the radiation in the empty-space Rindler frame and the radiation 
in the empty-space inertial frame. Thus the only difference between the radiation inside 
the box and the radiation of the empty-space inertial frame outside the box are the Casimir 
aspects associated with the discreteness of the normal mode spectrum of a finite box. For 
a large box, the zero-point radiation can be accelerated without changing its spectrum. 

In work published earlier,^] 10] it has been pointed out that the Planck spectrum for 
classical thermal radiation arises naturally by considering the time-dilation symmetry of 
thermal radiation in a Rindler frame. Thus in an inertial frame, a time-dilating conformal 
transformation carries thermal radiation at temperature T into thermal radiation at tem- 
perature oT where o is a positive real number. Under such a transformation, zero-point 
radiation in an inertial frame remains zero-point radiation. However, in a Rindler frame, a 
time-dilating conformal transformation carries zero-point radiation into thermal radiation at 
a non-zero- temperature. UJ The perspective from classical physics suggests that the canon- 



ical quantization procedure in a non-inertial frame may be predicting results which have no 
realization in nature. 



F. Detectors Accelerating through Classical Zero-Point Radiation 

Although during the 1970's there were discussions as to whether or not acceleration 
through the quantum Minkowski vacuum turned virtual photons into real photons, today 
quantum field theory claims merely that "detectors" accelerating through the quantum 



vacuum behave as through they were in a thermal bath.[2l| Indeed one quantum theorist 
has asserted that on acceleration through the vacuum, "Steaks will cook, eggs will fry." 22 1 
Of course, there is no experimental basis for such an assertion. And our suggestion is that 
such an assertion may be wrong. 

Quantum theorist often speak of using a very small system which would not be affected 
by gravity in order to examine the thermal bath behavior of mechanical systems. [7] Indeed, 
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within classical physics, there are calculations for point harmonic oscillators 23) 24| and 
point magnetic dipole rotators [25] accelerated through classical zero-point radiation; these 
systems indeed take on values for the average energy as through they were located in an 
inertial frame in a thermal bath with temperature T = ha/ '(27tc/cb). Point systems respond 
simply to the time correlation function and so do not sample anything regarding spatial 
extent. Indeed, by using time-dilating conformal transformations it can be shown that if 
we consider only the correlations in time at a fixed spatial coordinate without measuring 
anything involving spatial extent, then we can not separate out the effects of acceleration 



from those of non-zero temperature. 
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However, are point mechanical systems reliable indicators of thermal behavior? We sug- 
gest that point systems with internal structure are not relativistic systems and can not be 
expected to illustrate accurately the ideas of a relativistic field theory. Point systems do 
not exist as relativistic systems except for point masses. Point systems (such as a harmonic 
oscillator of vanishing spatial extent) which contain potential energy have no mechanism to 
show the dependence of the supporting force on the internal potential energy of the system 
when the system is located in a gravitational field or in an accelerating coordinate frame. 
This situation is in complete contrast with electromagnetic systems of charged particles; 
such systems must have finite spatial extent and will be affected by gravity. When the me- 
chanical system contains electromagnetic energy, then the mechanism for the connecting the 
supporting force to the system potential energy in a gravitational field (or in an accelerating 
coordinate frame) involves the droop of the electromagnetic field lines. 23] However, a me- 
chanical system with electromagnetic potential energy, such as a classical hydrogen atom, 
must have finite spatial extent, and therefore responds to both the temporal and spatial 
correlation aspects of the fluctuating field. 

Indeed, this question of finite spatial extent has direct relevance to the arguments given 
previously regarding "sudden" versus "adiabatic" acceleration of boxes of radiation. We can 
imagine a mechanical system located at a fixed position in the interior of a box of radiation 
which is moved from an inertial frame over to a Rindler frame. Within classical theory, 
this mechanical system takes on the same value whether alone and accelerated through 
the zero-point radiation of a Minkowski frame or whether at rest inside a (large) box in an 
accelerating Rindler frame because the spectrum of classical zero-point radiation is the same 
inside or outside the (large) box. However, quantum theory might suggest different behavior 
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for the mechanical system in these two cases; in the first case the system is responding to the 
tensor transformations of the fluctuations of the Minkowski vacuum and in the second case 
the system is (presumably) responding to the fluctuations of the Rindler vacuum. Indeed 
a point system will simply respond to the local time-fluctuations of the radiation inside the 
box. This is not true for a hydrogen atom or any spatially extended relativistic system. 
The field lines of a Coulomb potential "droop" in a gravitational field and the extent of the 
"droop" is a measure of the strength of the gravitational (or acceleration) field. The final 
droop of the field lines of a Coulomb potential in a Rindler frame has nothing to do with the 
way in which the potential may have been moved from an inertial to the Rindler frame. When 
a point harmonic oscillator is moved up and down in thermal radiation in a gravitational (or 
acceleration) field, it can be used to violated fundamental laws of thermodynamics precisely 
because it does not readjust to the gravitational field. A hydrogen atom, which is truly a 
relativistic system, will readjust to the gravitational field by the droop of the field lines as 
it is moved up or down in a Rindler frame. Only relativistic systems should be considered 
seriously when dealing with relativistic situations. It seems possible that all the claims that 
acceleration through the vacuum provides a thermal bath may be in error. 

IV. CLOSING SUMMARY 

Although quantum field theory and classical field theory with classical zero-point radia- 
tion have related vacuum states in inertial frames, the theories part company in non-inertial 
frames. The vacuum correlation functions of the classical theory depend upon geodesic 
separations in the spacetime whereas the expectation values of the quantum theory depend 
upon a canonical quantization procedure which makes no distinction between geodesic and 
non-geodesic coordinates. The classical vacuum is unique. The non-uniqueness of the 
quantum vacuum was noted by Fulling over thirty years ago. This contrast invites deeper 
exploration. [281 
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